We extend the Putnam-Fuglede theorem and the second-degree Putnam-Fuglede theorem to the nonnormal operators and to an elementary operator under perturbation by quasinilpotents. Some asymptotic results are also given.
then an extension of the classical PF theorem, Theorem 1.1, is obtained as follows (see [4, 5] ). 
Proof. If (A + C)X = X(B + D), then AX − XB = −(CX − XD). For any N, M ∈ B(H), denote by δ NM the linear operator on B(H):
δ NM 
Remark 2.2. With the operators A and B being normal, it follows from Theorem 2.1 that (A + C)X = X(B + D) ⇒ (A * + C)X = X(B * + D). It is, however, not true in general that (A + C) * X = X(B + D)
* (see [9] ).
We give now a simple application of Theorem 2.1.
Corollary 2.3. Let N be a normal operator and let C be a quasinilpotent that commutes with N. If f is a polynomial of degree n such that f (N +C) = 0, then f (k) (N)C k = 0
for k = 0, 1,...,n. So C is nilpotent of order at most n. Moreover, if f has no multiple root, then C = 0.
Proof. It is easy to see that
Applying Theorem 2.1 to (2.4), we have f (N) = 0 and
Applying Theorem 2.1 again to (2.6) yields f (N)C = 0 and
If f has no multiple root, then it follows from f (N) = 0 that f (N) is invertible. As f (N)C = 0, we know immediately that C = 0.
Lemma 2.4. Let C, M ∈ B(H). If C is quasinilpotent, then the only solution
But with C being quasinilpotent, it follows that 
but N is invertible, so
where C o is also quasinilpotent, and Using the same technique as in the proof of Lemma 2.6, we are able to obtain the following theorem. 
Since C is quasinilpotent, by Lemma 2.5, we have MP XM = 0. The same method shows that MXP M = 0. Therefore, we can assume that Ker(N) = {0}.
Let N = σ (N) λdE λ be the spectral decomposition of N. Define ∆ , ∆ c , and T to be the same as in Lemma 2.5. Then
where F is quasinilpotent. Applying Lemma 2.6 to the equation yields
More generally, using Berberian's trick, we obtain the PF theorem under perturbation by quasinilpotents for the elementary operators.
3. Second-degree PF theorem. First we will extend Theorem 1.2 to the more general case.
Proof. First we will prove that if N, M are normal operators, then 
, we have
Letting → 0, we have NXN = MXM.
In general, letÑ
tuples of commuting operators in B(H).
We say that (A, B) has the SPF theorem if for any X ∈ B(H) and for some n ≥ 2 such that ∆ 
Proof. If
Note that N −1 D is quasinilpotent; so by applying Lemma 2.4 to
Proof. If (3.1) holds for some X ∈ B(H), then
The next theorem establishes the relationship between the SPF theorem and the PF theorem under perturbation by nilpotents.
Proof. If 
where S is a linear operator on B(H) defined by
14)
It is clear that S (2) M 2 ) ) has the SPF theorem; so it follows that
By Theorems 3.3 and 3.4, it is easy to see the following.
Theorem 3.5. Let N, M ∈ B(H) and let C, D be nilpotents such that N, M, C, D mutually commute. If M is invertible and N M
Moreover, if the strict inequality in Theorem 3.5 holds, then Theorem 3.5 is true even for the quasinilpotent operators. that X = 0.
Theorem 3.6. Let N, M ∈ B(H) and let C, D be quasinilpotents such that N, M, C, D mutually commute. If M is invertible and N M
−1 < 1, then (N + C)X(N + C) = (M + D)X(M + D) implies X = 0.
Proof. If D is quasinilpotent and M is invertible, then M + D is invertible. If (N + C)X(N + C) = (M + D)X(M + D) for some X ∈ B(H), then
(N + C)(M + D) −1 X(N + C)(M + D) −1 = X (3.18) or NM −1 + F X NM −1 + F = X,(3.
The following results show that even if ((A, A), (B, B)) has the SPF theorem, we still do not know if ((A
2 )) has the SPF theorem.
Theorem 3.7. Let A, B ∈ B(H). Let ω be an nth root of 1, but
ω k ≠ 1 for k such that 1 ≤ k ≤ n−1. If for any k such that 0 ≤ k ≤ n−1,
((A, A), (B, ω k B)) has the SPF theorem, then ((A n , A n ), (B n , B n )) has the SPF theorem too.

Proof. By induction, we can prove that ∆ ((A n ,A n ),(B n ,B n )) (X) = ∆ ((A,A),(B,B)) ∆ ((A,A),(B,ωB)) ··· ∆ ((A,A),(B,ω (n−1) B)) (X) ··· . (3.23)
Now if
((A,A),(B,B)) ∆ (2) ((A,A),(B,ωB)) ··· ∆ (2) ((A,A),(B,ω (n−1) B)) (X) ··· = 0. (3.25) Since ((A, A), (B, B)) has the SPF theorem, it follows that ∆ ((A,A),(B,B)) ∆ (2) ((A,A),(B,ωB)) ··· ∆ (2) ((A,A),(B,ω (n−1) B))
(X) ··· = 0. (3.26) or ∆(2)
((A,A),(B,ωB)) ∆ ((A,A),(B,B)) ··· ∆ (2) ((A,A),(B,ω (n−1) B))
(X) ··· = 0, (3.27) and therefore
∆ ((A,A),(B,ωB)) ∆ ((A,A),(B,B)) ··· ∆ (2) ((A,A),(B,ω (n−1) B))
(X) ··· = 0. (3.28)
Proceeding in this way, we have finally
∆ ((A,A),(B,B)) ∆ ((A,A),(B,ωB)) ··· ∆ ((A,A),(B,ω (n−1) B)) (X)
that is, by (3.23),
The following result says that the converse of Theorem 3.8 is also true.
Theorem 3.8. Let A, B ∈ B(H).
Let ω be an nth root of 1, but ω k ≠ 1 for k such that , A), (B, B) ) has the SPF theorem. Now if 
Note that ∆ ((A,A),(B,B)) (Y ) − ∆ ((A,A),(B,ωB)) (Y )
Since B is invertible, (3.29) and (3.34) will give
∆ ((A,A),(B,B)) ∆ ((A,A),(B,ω 2 B)) ··· ∆ ((A,A),(B,ω (n−1) B)) (X)
From (3.31), we see also that
then (3.36) and (3.37) yields
Now (3.31) and (3.39) will give the desired equation: AXA − BXB = 0.
then ((C, C), (D, D)) does not have the SPF theorem.
Proof. It is not difficult to see that
where I is the identity operator. If C, D are nilpotents, then there exists an n 0 such that C n 0 = 0, D n 0 = 0. For any k such that 1 ≤ k ≤ n 0 , at least one of 2n 0 + 2 − 2k and 2k is greater than n 0 . So by (3.40), we have
This completes the proof.
Asymptotic PF theorem and compact operators.
We now give a theorem about the compact operators, which generalizes the relative result in [2] .
Proof. Let K(H) be the ideal of B(H) consisting of all compact operators on H, let B(H)/K(H) be the Calkin algebra, and let π be the Calkin map from B(H) to B(H)/K(H). It is clear that
Since π(N i ), π(M i ) are normal, for i = 1, 2, applying Theorem 3.1, we have
The following theorem is an asymptotic version of the SPF theorem. It generalizes the corresponding result in [10] . 
Then H can be written as
where 
If (k, l) ∈ Z, then at least one operator in each pair of (N k ,N l ), (M k ,M l ) has norm less than . Hence
Therefore, we are able to choose a fixed number 0 > 0 such that for each pair It is easy to see that ∆ (n) (A,B) (X) has the following decomposition:
If (k, l) is not in Z, then at least one pair of (N k ,N l ) and (M k ,M l ) has two invertible operators. We assume that N k and N l are invertible (we can follow the same way if M k , M l are invertible).
Let
Since N k , N l are invertible, we can see that
where I k , I l are identities on H k , H l . It follows from the asymptotic PF theorem in [2] that there is the neighborhood Using the same technique, we are able to generalize the asymptotic PF theorems obtained by Moore [6] and Rogers [8] . 
